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Abstract

This master's thesis addresses the numerical solutions of non-local contact problems for
both ordinary and partial differential equations.

In the first part of the thesis, we explore non-local contact problems for non-homogeneous
ordinary differential equations (ODEs) of the second order with constant coefficients, considering
both two-point and multi-point non-local contact conditions. Analytical solutions for these
problems are constructed, and an iterative process is developed which reduces the solution of the
non-local problem to a sequence of classical boundary value problems for second-order ODEs.
The numerical methods for their solution are well-established. The iterative process is
constructed, and the finite difference method is employed for the numerical solution.



Computational experiments are conducted under various conditions for the two-point contact

problem.

The second part of the thesis focuses on non-local contact problems for the two-
dimensional linear elliptic equation with constant coefficients, specifically under two-point non-
local contact boundary conditions within a rectangular domain. The existence and uniqueness of
the regular solution are proved. An iterative method is considered and investigated for solving the
stated problem. Similar to the ODE case, this problem also follows a sequence of classical
problems, with the finite difference method utilized for numerical solutions.

To outline future research directions, the classical Dirichlet problem for the elliptic

equation is studied. Also, several non-local contact problems for circular arcs are stated.
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Losg 06gduoo dmbodbeos (1.1.8)-(1.1.11) 53mEsbol sdmbsblbo (k)-m6 0@gMsEosby,
bowe ut(x) Do qbl bsfgobo (1.1.1)-(1.1.3) 53mEsbols 53mbsblibl.

85806 27 (x) s z* (x) §96d309d0LM3z0L Bog3009dm J50Yy 5B

-0
2] =0, ogasxsc (1.1.12)
()
2] =0, oge<xs<h, (1.1.12)
LoLOBEOZOM 306:>(0Jd0:
[z7(@]® =0, [z*()]® =0, (1.1.13)

Q@5 MO MO0 b3MBEOJBHM 30OHMdOM:
[25©@] " = Z@1® = y Iz (0D +y* 2+ (. (1114
(1.1.14) BmEomd0sb 89230305 ©i30gMmm Fgg3aligde:
125 ]| = [lz(]1®] < y7|lz- (N D +y*|IzH (D] (1.114)
99630350 9930905 358396Mmm, MM LOHYYEEIds F9IRO MG ML MDJIO:

(27 (1P| < a7 [[2(]P] 6 [[z*(cH]P] < q*|[2()]P)],

boog g~ =const, 0<q” <1@sq* =const, 0<q <1,
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5058056 9O, M 2odMm30Yygb9d0 (1.1.14°) EHMEMdsl, dod0b 339469ds:

127 @1°| = lz@1®] < v~q7 |1z~ @1 D] +y*q*]lz* (@17,
Lo0bS3 F03009000 MMAI:
(21| < [y~q~ +v*q*]|lz(0)]*P].
5036086mon:
Q=vy7q +y'q".
35306, 93565136900 MEHMEMDS 45050(9M9ds F99gabsoMo:
|[2(0)]®] < Q|lz(c)] ).
5990056 2593 0bsMGMBL:
|[2(0)1®] < Q|z(0)]* V] < @*|[2()]* 2| < -+ < Q¥|[2(0)]].
09 39300350bFobGOM 30OHMdL Y~ + ¥+ < 1, 85806:
0<y q +y'qg"=Q=<y +y"<1
1 3965L369w0 MEHMWMB0Ib 3oL 3360m, HMA
lim [2(©)1® — 0,
Lo0obs3 Fogdbodmdol 3G0bEo3ol [11] dseroo F030090m, MMI sdmEsbol 4oblsBrzmOL
569B9 LHTIOM060S BHMEMBYOO:
|l ()P —u~ ()] = 0(Q".
|[u* ()]® - u* ()] = 0(Q".
5300 19MMH935 ©33H3I0EIOEV00.

1.2 ®obgomo dogowomo (1.1.1)-(1.1.3) s9m3sbobsmgols

3obgobomom (1.1.1)-(1.1.3) 59dmEsbols dsgoomo s hogs@ MM Jolmgol Mogbzomo

239M3900.
3030300 [0,1] byadgb@ by goblsbwzmmwo u(x) gmbdsos,
u~(x), o 0<x<0.5,
ulx) = {u+(x), o 05<x<1,

Loosg u~(0.5) = u*(0.5), ®mBgeo 53859050 gdl 99009y 396G gd9dL:

d?u~
dx?

=2x%, o2 0<x<0.5, (1.2.1)

d?ut
dx?

306390 235600l 3e051032M LoboBLIO™ 30OHMBYBL:

=2x+5 o9 05<x<1, (1.2.1”)
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u=(0) =0, ut(1) =0, (1.2.2)

@5 365350 YM Bo3MBEIIBHM 30MMds:

[u¥(0.5)] = [(0.5)] = 0.25[u~(0.25)] + 0.25[u*(0.75)] + % (1.2.3)

(1.2.1)-(1.2.3) 580356030l gobgzobowme 99wgao 0@gmsEomwo 3MmEgbo:

2,,—1(k)
[dd;‘z ] = 2x2, 0<x<05, (1.2.4)
2,,+7(K)
[dd;‘z ] =2x+5 05<x<1, (1.2.4”)
k=0123..

(1.2.4°) (1.2.47) 53054m530¢090L  LollsDBLIOH™M 30HMBYOL:
[w” (O] =0, [u*WI® =0, (1.2.5)
@5 3650 35¢0YM Bo3MBEIIBHM 30MMds:

[ (0.5)]" = [u(0.5)]® = 0.25[u~(0.25)]* +0.25[u*(0.75)]* D + 225 (1.2.6)

(k = 1,2,3..). bsfyol 0@ gMe305%9 335J3L:
[u=(0.25)]@ =0, [u*(0.75)]@ = 0. (1.2.7)

(1.2.4)-(1.2.7) 0@9g6s30mwo 3Gm3Eglom, ym3gwo k-omzol, dmEgdnmo s9mEsbs ©sa3ysal
MO0 35B032IM0 LobOBOZOHM 5TMEBOL sTMbLBYIEY. 3003905

u”_ 2x? 0<x<05
oz - X oy 0=x<05
LoLOBEOIOM 306:>0JO0:
u=(0)=0, u(0.5)=[u(0.5)],
s dgme9o
2.+
——=2 S5<x<1
T2 x+5 o 05<x<1,
LoLOBEOZOM 306)MJO0:

ut(1) =0, u*(0.5) = [u(0.5)]%.

305¢0M 35 153MBEOJEH™M 30MMBL LEHYol 0EIMsE05DY 996905 Loby

¥ 0 3775
[u+(05)] = m

93991000 5dmEs6gd0L 5dMLEblbyws 89230305 45dMm309gbmm dgmeg MHoyol LobMLEHOL
dgmbg Ll bgsmdosbo bidqds:

Yie1 — 2Yi T Vi1

u”(xi) ~ hz
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399003900l 89092900 933000005 F9350OM®M 53M(3560L BmUE) 5dMmbobLBL:

u(x) =

4—18(8x4 +71x), 0<x<0.5,

%(Zx?’ +15x2 —35x+18), 0.5<x < 1.

J399m0 dmyz560wo godmmzwgdo Igitrwgdeos Python 3G:myMsdoMgdols gbsdo:

58LMeEyB GO 23LMEYBHYHO SBLMEBHYYGHO
0B9H3GOS g™3domgdols gM3dogdols 3mM3oegdols
AslGHeom 6mMIs, lsslGHyEem 603, LslGEem 603,

h=0.01 h=0.001 h=0.0001
1 1.36E-01 1.36E-01 1.36E-01
2 3.39E-02 3.39E-02 3.39E-02
3 8.47E-03 8.47E-03 8.47E-03
4 2.12E-03 2.12E-03 2.12E-03
5 5.29E-04 5.30E-04 5.30E-04
6 1.32E-04 1.32E-04 1.32E-04
7 3.28E-05 3.31E-05 3.31E-05
8 7.93E-06 8.27E-06 8.28E-06
9 1.72E-06 2.07E-06 2.07E-06
10 9.58E-07 5.14E-07 5.17E-07
11 1.15E-06 1.26E-07 1.29E-07
12 1.21E-06 2.89E-08 3.23E-08
13 1.22E-06 8.24E-09 8.05E-09
14 1.22E-06 1.12E-08 1.98E-09
15 1.22E-06 1.20E-08 4.70E-10
16 1.22E-06 1.22E-08 9.07E-11
17 1.22E-06 1.22E-08 1.07E-10
18 1.22E-06 1.22E-08 1.20E-10

d0bodsero
3OM30Mmgds

0%9Mo30s 10: 9.58E-07

0® 96305 13: 8.24E-09

sb®ocero 1

0396305 16:9.07E-11

9399 dmygz060e §M5930390Bg 3999900 5dmEsbol BYLE sdmbabligho s

d9L50530L0 MHO(EL30MO BB MYDdS, 0GHYMSE00L JobgE30m.



Non-local Contact Problem Approximation.  h=0.001

0.7 1

0.6 -

0.5

Exact Solution
— Approximation at iteration 1

0.3 4
0.2 A
0.1
.o e—

0.0 02 04 06 08 10

%
3M3%030(1): 0d9g®sgos N1, h=0.001
Non-local Contact Problem Approximation.  h=0.001
—— Exact Solution

0.7 4 —— Appreximation at iteration 2
0.6+
0.5
0.4 4
0.3 4
0.2
0.1
0.0

0.0 02 0.4 056 aB 10

3039030 (2): 0hgts0os N2, h=0.001

14



Max Absolute Error

Non-local Contact Problem Approximation.  h=0.001

0.7 4

0.6 4

0.5 1

0.2 1

014

—— Exact Solution
—— Approximation at iteration 3

a0

0.0 02 0.4 0.6 0.8 10

3053030 (3): 099305 N3, h=0.001

Non-local Contact Problem Approximation. h=0.001

10-1 4

1072 4

10-3 4

1074 4

1075 4

1075 4

10-7 4

1078 §

—— Approximation Error

3059030 (4): gomdoe980l ©5I30098:9¢7985 03 G0l bradgm by

5 10 15 20 25
Iteration Number

15



16

1.3 ®ogbzomo 9du3gm0odgb@o (1.2.1)-(1.2.3) sdmasbobmgols

®o3bz00  9db39M0d96EHT0  gobbommos Fgdmbggzgdo ¥~ s ¥yt Lbgoalbgs
8608369 Mdgd0Lm30L, 830> FmMOb, Mm@glsg ¥~ +¥* = 1. sbg3g 06 gMgLoLMZOL BEHIOES
9963960896900, bogsg ¥~ + ¥t > 1.

99b3960896@&d0 59dMwos h = 0.01 99mbgg3s.

9Ju396G0096¢ 0 1.
L, II oo IIT 3bGodo 3sbboeyeos 990mbgg39d0, GmEqLsg:

1) y =0.1,y* =0.1@sh =001
2) ¥y~ =0.01,y* = 0.05 > h = 0.01
3) ¥y~ =0.01,y* = 0.01 o> h = 0.01

s0LMmEGHGo 50LmEGH@O
gomIoggdols gmdowgdols
MLl beM3o, LsLEM @ bm®as,
03IM330 h=001 0AIM330 h=10.01
Yy =0.1,y"=0.1 ¥y~ =0.01,y* =0.05
1 5.42E-02 1 1.23E-02
2 5.42E-03 2 3.69E-04
3 5.42E-04 3 1.11E-05
4 5.41E-05 4 8.87E-07
5 5.31E-06 5 1.04E-06
6 8.39E-07 6 1.05E-06
7 1.07E-06 7 1.05E-06
8 1.10E-06 8 1.05E-06
9 1.10E-06 9 1.05E-06
d0bodsero 0BHJM300 6: d0609s¢rMo 0BHJM300 4:
RMI0rgds 8.39E-07 6RMIoegds 8.87€-07

sb®ocro 2 sb®ogero 3



039Ms30s

N o u A W N R

dobodsgr@o
3MIoErgds

9Jb3g60d96¢ 0 2.

38LMEYBHMGO 30Mmd0Egdolb MsLOEeM b,
h=0.01,y =0.01,y" = 0.01
5.42E-03
5.42E-05
7.93E-07
1.04E-06
1.05E-06
1.05E-06
1.05E-06
0}9Md3E0s 3:
7.93E-07

sb®ocero4

58 9JL39H0d96EHTo FoBOHOos ¥~ @s ¥ .

29630bomm 98mbggzs, Gm@glsg ¥y~ = 0.5,y = 0.3 s h = 0.01

039530

1
2
10
11
12
13
14
15
19
20

d0b0dsgrmMo
3OM3ogds

9Ju396G0d96¢ 0 3.

50LMEEMO Gmdowgdols MsliGvyemem bemads,
h=0.01, y =0.5,y*=0.3
2.37E-01
9.47E-02
6.12E-05
2.40E-05
9.06E-06
3.10E-06
7.21E-07
1.16E-06
1.51E-06
1.52E-06
0@96Mo30s 14: 7.21E-07

sb®Gogero 5

Sbams gob30bomom 998mbgg3gdo, Mmgs Yy~ +y T =

17



1) ooy~ = 0.6,y = 0.4, h =001 ©>2) Gmgsy~ =y* = 0.5, h = 0.01

SDLmEEMHO
gEMIowgdol
0GIMS30S MLoLGMEe 6™,
h=0.01
Yy =06,y =04
1 2.91E-01
9 1.14E-03
17 3.19E-06
18 9.70E-07
19 1.11E-06
30 1.76E-06
0060d5emyMma 0®2Mo30s 18:
BETLTHE 9.70E-07
cbGoero 6
9139608960 4:

a9630bommm 9dmbgags, BmEs 1 <y~ +y* <2

1. Yy =0.6yT =0.7,h = 0.01
2. Yy =09y* =09h=0.01
38LMEEHYGHO
gomIogdols
0BIH3G0 s ba®ds,
h =10.01,

Yy =0.6,y"=0.7

1 3.43E-01

2 2.23E-01

9 1.09E-02

23 2.44E-05

28 1.26E-06

29 9.47E-07

35 2.02E-06
d0bodsero 0&gMmogns 29:
3RM3owwgds 9.47E-07

sb®ocro 8

SdLMEOMEYGHO
3M30¢gd0L
0905305 2LobGHyEe 66,
h =0.01,
Yy =y =05
1 2.71E-01
9 1.06E-03
17 3.10E-06
18 1.03E-06
19 1.05E-06
30 1.63E-06
906005emMo 0®&9MsE0s 18:
D 1.03E-06
cb®ocero 7
3Bl E GO
gomdoggdols
0BH9MS30d 2BLOEM 650G,
h=0.01,
y =09,y =0.9
1 4.88E-01
29 2.55E-02
59 1.07E-03
60 9.65E-04
81 9.73E-05
104 1.00E-06
120 7.62E-06
80b0dserro 0®aMsG0s 104:
6Q30eR)ds 1.00E-06
sb®o»09

18
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99b39®0d96@o0 5.
29630bomm J9dmbggzs Omags Yy~ +yt = 2.

qmdgem y~=0.8, y* =1.2.

38LMEEW©O mdowgdols
03JM3305 MLLEMEe 6®ds, h = 0.01,
y =08,yt=1.2
1 0.502604167
10000 0.494271667
dobod 0]
0000 m9@sgos 10000: 0.494271667
3M30gds

sb®o¢ero 10

o336, Ba®IMdMmo  9db3gM0dgbEgdom  saobos, MM (¥~ +yt) xs90L 0-0s6
905bMgd0m, 115335M0BSE 39MP0 3EMINEGOOL FoBOMYdS© 33F0MEIdS 5531900 0FYMSEOY,
bowe (Y~ +yT) x5890 1-08396 80sbmgdom 0B MsEosMmd HoEbzo 0BO@YdS, Yog™sd
03953090 3900m©OL LOBMLEY 08039 MBYd..

00 890mbgg3sdo, Omgs Y~ +yt =1, 0mggdnmo  8sasmomol  Jgdmbgggsdo
dmmbmgbowo LobMLEGHOL FoLomfigzs LsFOOM 0FIMSE0sMS MOMEIBMBS ToboMGdos @
59mbsbligbols godmmzgs 56 FoMdmoagbl LoMmwagls.

03039 9985690 303990 39000b3935bY, (OIOTEN 1<y +y*<2.
2LsmMzoolLfobgdgms, GMI GmEbyg (¥~ +¥1) X000 dsw0sb SHEml  sGol  2-056,
0%JM530sMs  ©HOEb30 83390005 0BOEIYdS, 5353 MBO™M J306Mg h-ol Fgdmbgzgzsdo
F9Lodemd 498MmM3OOL FIMMYGdS 5dmofiz0mb. beagrm 08 Ggdmbggzsdo Gmglsg, ¥~ +
YT =2, 85806 10000 0@gds305g 30 o6 508mBbEs Ls3dsGolo h? Gogol LobwlEob
doloe9ds.

[.4 565¢0M 350000 Bogmb@od@EHm sdm396s 3900033Mm983030963 900560 Jgmeg GHogyol
B399 906030 0RIMHI6E05MMO 45BEHMEGIOLIMNZ0L, IMe35¢0 FaMEHowol
d9dombggzsdo

39630bowmm 89990 s9m3sbs: 303mzgmo Mfyzgdo u(x) gubdgos [a, b] byadgbd by,

_(um (), o) asx<c
ulx) = {u+(x), o c<x<bh
Lsog a < ¢ < b, u™(c) = u*(c), ®mdgmog 53059m50wwgdL 3982 356EM9dBL:

d?u~
dx?

d?ut
dx2

=f"(x), omya<x<c, frx), omc<x<b. (1.4.1)

u(x) 9694309 530594Mmx30EdL LolOBOIOHM 30OHMOdYIL:
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u (@) =97, u*(b)=o", (1.4.2)
31939 96535 Bo3MbEOJEHM 30MHMBDSL:
™ (e) = w(e) = u(e) = By vy uw (e)) + Eft v ut (1) + oo, (1.43)

a<c <c<c'<b,

St
3le
®

®

®

®
Se

bsbsbo (2)

bosg ¥; = const >0, ¥ = const > 0,97, 9" ©5 ¢y 35mdowwo mEgdnwo LoowYYdos.
dmz0mbmzmm, GM3 ¥ ©s ¥ 53059mx30wgd©EI6 MEHmEmdst: XL,y + X,y < 1.
0530530639050, (1.4.2) LELIBOZOM 306MHMBYPIMD YOS Fob3obowrMm 30MMd.:
u=(c) =ut(c) =ul), (1.4.4)
Losg u(c) x9gM-x9gOMdom “936mdo Lowogo.

[.1-80 spfgdomo doamdol dbyogbo, (1.4.1) sbFGHMEgdgdobmgol (1.4.2), (1.4.4)
LoLOBEOZOM 30609300 5TMBIBLBL 976935 Loby:

u(@) = 27 + Z2u(e) + L S)as]de + [T [ f(9)as|at, o as<x<c  (145)
wt(x) = 2@t + 2 u(e) + = 1 [ s)as] de + [T fH(S)as]at, oge<x<b. (1.4.6)

(1.4.5)-(1.4.6) BH™E@dGBOL LMo gdom Jga30deos gob3bsdbOgeMmm u~(¢;) s ut (Cj+)
1L00@YJd0. ) 30LMAJOGO (1.4.3) L3MBEIIEBHM 30OMBdOM Fo6E 035 F0300GdIM BIT:

u(e) =X, yi [ g™+ T 2u(e) + LY [f f- (S)dS] dt + [ [f f- (S)dS] dt] (1.4.7)

c—a

o+
—C

9l
<P+b

—-C

+ymL Y [ )ds] de+ [T [[} F(s)ds| de] + g,

L50IBSE3 F9a30d0s O3hgOMm:

a b—c

[t - S - S uo = o, (148)

boo3

& =3y [‘__ S+ L[ (Sas]de+ [T [ £ ()as] dt]

a

+ Xy} [;+__C<p+ +% I rrsasde+ (T ([ prsyas|de| + oo (149

c
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b +
9935535bmm 353MLEbBMEGdS [1 Yieavi % XLy b CZ]

T IR S R s R aj(b S[c—a)b - ) =3I,y (67 —a)b—©) -
- Xy (b= ¢ ) - a)] > = a)(b )[(C a)b—c)—ZiLivi (c—a)(b—c)—
Ty —oc—-a)]=1- (L vi + Z2,v) >0,
®5@796 Bggbo ©sB3gd0m XL,y + X, v < 1.
59609500 30300900):
- b-ct]
u(c) = |1-X, lﬁ—Zmly] — ;] ?, (1.4.10)

LoOE P JoBLOBYZOHM0s(1.4.9) BHMEMmdom.
506050 (1.4.1)-(1.4.3) 53m3560L 565¢00BMMHO 5dMBbLBO hsofigMgds 39990 Lobood:

{c—x xX—a

C_a<p'+c_au(c)+zl:2chf‘(S)dS]dt+fo f‘(S)dS]dt, o a<x<c
u(X)= ab at ax al’
— b — —
tj_zflfr+b_):u(c) — C UCfJf(S)dS]dt+jC Ucf+(5)d5]dt, oz c<x<b,

Loog u(c) 898030 356LsBE3OOos (1.4.10) GHeagrmdoom.

Sbans 39b30bowmm 0@ gmszomwo 3Om3glo (1.4.1)-(1.4.3) sdmEsbobmgol:

2,,—1(kK)
[%] =f"(x), a<x<c, (1.4.11)
2, +1(K)
[dd; ] = f*(x), c<x<bh. (1.4.117)
k=01.2,..

(1.4.17°), (1.4.117) 530594mx30¢090L 3060390 335M0L LOlOBPOZOM F0MHMdIB:
u (a =@, u =@ 4.
[ 160 [t ()P = p* (1.4.12)

@5 965350 YM B53MBEIIGH™M 30MMDI:

- - (k-1)
[1F(©]" = [(©)]® = £, y7 [~ (1D + I, v+ [ut ()] “™ + 9o, (1.4.13)
bosg k = 1,2,3 ... bofigol doobenmgds 89330005 5300Mmm:

[u=(c7)]® = o, [u+(cj+)](0) =0, i=(1,n)Esj=(1m). (1.4.14)

LoPgol 0FYMHS30sBY v©0gdMo 360369 mddoL BRslldoom (1.4.11)-(1.4.15) 0BHIMHSEOIO
36i3gLol  Bogmb@oddm  (1.4.13) 306H@dsdo 893000005 398M3M35wmm U gbzool
d603369c0mds ¢ H9EHowdo. sdg35M5 h396 303009000 MM 3sLO3ZYO BobdBOZMM sTMEIBIL

9969 Mool B39 gdM030 CORIMIBE05WMMO FobEMeEgdolsmagol.
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3009350, LEOEMWEIGdS Y39es 0l 30MMBS, M3 LoFoMms Lofgolbo sdmEsbol sdmblbol
56LGOMBOLIMZOL. 5sbMSB, FglirmgdME0s 90RO S0MHMDY:

yi = const >0, y;" = const >0, boogi= (1,n), j=(1,m) @ XL,y + X2,y <1
85806, (1.4.11)-(1.4.14) 0396530990 3OME9LOLEZOL BsTSOMNE05B0S MYMEYDs.

0gmM9gds 2. (1.4.11)-(1.4.14) o@9Ms30Mwo 3OHmEgbo 3090505 (1.4.1)-(1.4.3) 58m3sbols
59mbsbLBOL3GD MLOlOMIEM® 309d5O 29MIYEHMOO 3OMYMILOOL LoBJsGO.

©59()30390s:
d99m3000m0 50b0d3zbs:
25 )]" = [F @] - uF ),

Lssg 0B©gJboo  BmbodBr@os (1.4.11)-(1.4.14) 53m3sbols  s3mbBsbligbo, bmam ut(x)
Ho0moygbl (1.4.1)-(1.4.3) 533560l 5ImbsblibL.

85806 z~ (x) ©s z* (x) BMBJ309d0LMZ30L Bogz009dm 98y S0MEB:

()
[d;;] =0, oya<x<c, (1.4.15))
2,+7(F)
=] =0 owec<x<b, (1.4.15”)
LoLEBEOZOM 306:>0JO0:
[z(@]® =0, [z*®)]® =0, (1.4.16)

@5 55 35¢9IM0 B3MBESBH™ 30OHMdO:
25 @] = [2(e]® = ¥y v 27 (O1*D + 37yt [24 ()], (1.4.17)
(1.4.17) BHee0mdosb 99230005 ©o3(gM Mo 99a30L9ds:
|[Z$(C)](k)| =|[z()]®| < Xty vi |27 €I* V| + XL, vt |[Z+(C+)](k 1)| (1.4.17)
5990056 3630350 993090 35B396Mm, MHMA LEFsOPEP0sb0s F9IYAO G MEMDJIO:

(27 (1P| < a7 [[2(]P] 6 [[z*(c)]D] < g*|[2()]P)],

Lsog i =(1,n), j=(,m), g =const, 0<q~ <1 > q" =const, 0<q~ <1.
505L05b, g A53M3099bgdm (1.4.17’) MEHMeEomdsL, 3590b 3394690s:
T () _ _ _
125 ©]%| = 1219 < ¢~ Sy v7 Iz @1 D] +q* Xy v 12 (@)%,
L50IBSE 300gdM OMO:
|[z()]1%] < Q|lz(e)]*V),

boo3
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Q=q Xi1vi +q° ZT}=1 Vj+-

396513690 YEMEWMB0ID 9a30d0s ©O353U3Bs:
|[2()1®| < Q[[2()]¥* V| < Q?[[2()] %2 < -+ < Q¥|[2()]).
0779 35300350LfobYd0 SoOmdb XL, ¥; + XNk ¥ <1, 85806:
0<q Xiavi +q"Eay =Q<XLivi + Iy <1
539056, 30 39BNl HMI:
’lim [z(c)]%®) - 0.

d5gdbodMmdol 3Gob3030L [11] dsgroom doz009d0m:

|l ()1%® —u~ ()] = 0(Q"),
LoHgolo Fogol doMbgbs bobgzscsmgdo, s

|[w* (1% —u* (0] = 0(Q"),
oM 3965 bsbggzsMsm9do.

5300 09MMH93d I3HI0EIOL00.

L5 ®ogbgomo 3sascomo (1.4.1)-(1.4.3) sdmEsbobomgols
3030300 figado u(x) gobdgoes [0, 1] baadabdbo,
u” (x), 0 0<x<0.5,

ulx) = {u+(x), o 05<x <1,
Loosg u~(0.5) = u*(0.5), Hmdgeog 930595300090 39899 296EMEgddL:

d?u~
W=12x+6, O’)‘OO<X<0.5,
d?ut

T2 =3x+2, on05<x<1

LOLOBEOIOM 30OHMIYOL:
u (0)=0, ut(1) =0,

@5 965 35¢YM B53MBEIIGH™M 30MMDI:
[uF(0.5)] = [1(0.5)] = 0.1[u~(0.2)] + 0.1[u=(0.3)] + 0.1[u~(0.4)] + 0.1[u*(0.6)] +

+0.1[u*(0.7)] + 0.1[u+(0.8)] + 0.1[w*(0.9)] + 0.7357.

50608bo 533560 53MLEbLBYEsE 29B30bowmm 0EIMsE0MMo 3HMmEgLo:
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2, —1(K)

[dd;;] =12x+6, 0<x<05, (15.1°)
2.+ (k)
[dd;;] =3x+2  05<x<1, (1.5.17)
k=123 ..

8990090 LoLOBOIOM 306MDdJO0:
[u=(0)]® =0, [ut@)]® =o, (1.5.2)
Q9 MW MG b3MBEJBHM 30OHMdOM:
T 0.5]% = [@05)]%® = 0.1 [u=(0.2)]%D + 0.1 [u~(0.3)]%V +
+0.1[u” (0.H)]* ™ + 0.1[u* (0.6)]* "V + 0.1 [w* (0.7 * P+  (15.3)
+0.1[u*(0.8)]*D 4+ 0.1[u*(0.9)]%*D 4+ 0.7357
(k=1,2,3...). bsfyob 0BHgms305Bg 30 33990690s:
[4(0.5)]® = 0.7357. (1.5.4)

(1.5.1)-(1.5.4) o@96s30Mwo 3MMm3E oo ImEgdnmo sdmEsbs ©oy39ogl M JoMm3z9w
LoLoBWIOM 53 (3565909. 3060390 TM3BsY:

dzu_—lZ +6 0<x<05

Iz~ 12x+6 og 0=x=<05
LOLOBEOZOM 30OHMBYOO00:

u=(0)=0, u(0.5)=[u(0.5)],

Q5 Ggmeg 53m396ss:

d*ut

= <x<

T2 3x+2, on 05<x<1,

LOLOBEOZOM 30OHMBYO0:

u*(0.5) = [u(0.5]%, u*t(1) =0.

50 35030 LobyBO3MM 5dMEBYdOL sTMUoblbgws dga30deos sdmz094gbma dgmeg
0oL LOBNLEBHOL IJmbg LElBME Lbgzsmdosbo dgmmeo:

Yit1=2YitYiq

ull(xi) =~ 2 y
5 353MmM3egd0L 90098900 9933000 39350050MM 5dMEBOL BNLE) sTMBILLBU:
u(x) = {Zx3 + 3x%, 0<x<0.5,
0.5x3 + x? — 4.375x + 2.875, 05<x=<1

9399m0o dmyz560wo godmmzwgdo Igitrmergdos Python 36ma6ms8069d0L 9bsdo:
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LM E©O 30LMEB©HOo 33l E @O
gM3dogdols gM3omgdols 3mM3oegdols
0OgH3Go> oGy 6m®as, G 6m®Is, LslGEem 60mG3s,
h=10.01 h=0.001 h =0.0001

1 2.64E-01 2.64E-01 2.64E-01

10 4.37E-05 4.37E-05 4.37E-05

20 2.74E-09 2.74E-09 2.74E-09

27 3.14E-12 3.12E-12 2.32E-12

32 2.71E-14 3.00E-14 3.15E-12

37 4.61E-15 4.57E-14 3.16E-12

t’g‘fggﬁg‘;’: 0965305 37: 4.61E-15  0@gMogos 32: 3.00E-14  o@ghszos 27: 2.32E-12

sb®ocero 11

9399 dmyzsb0 4655303909 993000 0bomo 53m3560L BMlEo 5dmbsbligbo

5 ©03b3000 FosbeEmgds 0@GHgMsE0ol doby300.

Non-local Contact Problem Approximation. h=0.001

1.0+

0.8 4

0.6 1

0.4

0.2

0.0

—— Exact Solution
—— Approximation at iteration 1

0.0

T T T T T
0.2 0.4 0.6 0.8 1.0

3053030 (5): 099305 N1, h=0.001



Non-local Contact Problem Approximation. h=0.001

1.0 4 —— Exact Solution
—— Approximation at iteration 2

0.8

0.6

-

0.4+

0.2 4

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X
3059030 (6): 099tsgos N 2, h=0.001
Non-local Contact Problem Approximation. h=0.001
1.0 4 —— Exact Solution
—— Approximation at iteration 3

0.8 4

0.6

>

0.4 4

0.2 4

0.0

T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

83053030 (7): 0996303 N 3, h=0.001
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Max Absolute Error

Non-local Contact Problem Approximation. h=0.001

10-1 4

1073

107° 4

10-7

1072 1

10711 4

10-13

—— Approximation Error

20 30 40 50
Iteration Number

3523030 (8): 3M30cr980b 9023000989985 0BIH3300L bradye>y
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0530 IL. 505¢0M35¢0M0 Bo3MbGHIJGHM 533365 MMYEBMBogd0sbo,
3103033M953030963 900560 (083030 geroxgli®o 356¢memgdolsmzols

I1.1 565¢0M35¢0 M0 Bo3MmbEodGHm 59m39bs MMM gd0sbo, 3v0d033Mmgn03090-
&900560 O53030 9ogxgLMOOo obEMmmgdolsmzols, mGmo foMEHowol d9dmbggzsdo.

3094350 D 560b 8sH03obs 569 ME6DMB0wg30s6 R? LogMEgdo Mdsb-dsb gewmgo
I’ LybEgzOOom:
D ={(x1,%)|0 <x; <a, 0<x,<b}

r= Ui,

LoQSE:
L= {(x,x)|0<x; < a, x, =0},

L= {(x,x)]|0<x; <a, x, =0},
I3 = {(x1,x)| x; =0, 0 < x, < b},

I, = {(xy, %)l x; =a, 0<x, <b}.

5300mm A fgdGowo I Hoedbg s B HohGowo I; §omby, sdom 7 ©s I, foMgdo
0g4mx056 Yqbsdsdobs I, Y s I, IF §odgds, bosg I ULt =ML s I UL =1,.
505096 go393wmm A s B {ghGHowgdols 99dsgmmgdgwo Iy oo, 3bsos, dmd Iy Hoto D
5609L gmgl M Baffowwo D~ @ DF. boosg,

Iy = {(x1,x2)| x; = A, 0 <x, < b},
D™ ={(x1,x%)|0 < x; <A, 0<x, <b},

DT ={(x1,x)|[A<x; <a, 0<x,<bh},
35939 93000mm I'™ s I'" FoMgdo HGmdwmgdog 339096 1 @ I; §oegdl dqbsdsdobsw A~ , B~
©s A%, BT GO @Howqddo. obowgm Bsbsbo (3) s (4).
Ig

B t

» I
| (4]

B B
; ;
I I
: 1

T T, T
A A

0 A

b5bsbo (3)
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Ig
Iy B in
b |
I D T, D T,
: > I
@) r; A T a
b5bsBo (4)

9mEgdme D =D UT 56930 35630b0mo  5M5em35m®o  Logmb@oddm  s9masbo:
303m3mm “fy3930 BM6Jc00 ulxy, x5):
u—(lexZ)J (xl'XZ) € D_,
u(xy,x3) = § Up(xy,x2), (x1,x2) € I, (2.1.1)
ut(xy,x3), (x1,x,) € DY,

OIgo3 53059MBOgOL gobEmegdsl:

2u  9%u~

- 0 — — >
Au (xl,xz) = W + a—x% = f (xl,xz), (4)(")60 (xl'XZ) €D , (212)
+ _ oZut  9%ut ., + »
Au™(xq, %) =7 tom = f(x1,x3), GomEs (xq,x,) € DT (2.1.27)

8169305 u(xq, X2) 21939 93054MB0IGOL LoloBLIOM 30MMBYIL:
U (x1,%2) = @ (xq,%3),06m35 (x1,x,) € I UL, U3,

2.1.3
ut(xy, %) = @1 (x1,%3), G (x1,%,) € LYULTUTLL, ( )
3535 Bo3MbAEOJBH™ 30MMBL [H-0b FgMEowqdby:
ut () = ulp) =y u” ) +y*ut (™) + g0 (), (2.14)
3bo@oo,
u(A) = y u (A7) +yTut (A7) + 9o (A),
u(B) = y u"(B7) +yTut(B™) + ¢y (B), (2.1.5)

Losog ¥~ =const >0, y* =const >0, boawen @7, 0 s @y 3bmdowo gmbdsoqd0s,
(99003 Y39Ws 306005l 530594MBogd9b.

©539993500 (8 LEOYYEYdS 90RO 30OHMBYdO:
L. Yy~ =const >0, yt =const >0, y"+yt <1;
II. Au™ =0 D™ _Bo ©> Au* =0 D*_Bo ¢3bBHm@adsms 58mboblbgdolmgol Lemammgds
dogdbodmdol 3Gobiodo [12];
III. u¥(x,y) g6d30900 560l 89390 3oBGHMWIdIBOL 53mBIbLBYdO
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Au™(x1,x3) = 0, Oegs (x1,x,) € D7,
Aut (xq,x3) = 0, Gogs (x1,x;) € DY,
Q5 3500300 BodsM 05605 G350 EOL cgds [13].
95906 LN E0560s 9RO 0gMEYDs.

0gmegds 3. oy (2.1.1)-(2.1.5) 59mEsbol  Ogamwsd o 5dmboblgbo  9MLYdMOL
99O gd0s I s II 306:mdYd0, 35906 5dmbsbligho gMHMsgHMOs.

©53()30390s:
0531193500 OHMI (2.1.1)-(2.1.5) 53m365L od3L MG 5dmbsblgbo v(xq,x;) ©@s w(xy, x;). 95306
Z(x1,x2) = v(x1, x2) — w(xq, X2) 964300bm30L 33996905 99990 5dMEbo:

Az7(x1,%5) =0, ooy (x1,x,) € D7, (2.1.6))
Az*(x1,%x,) =0, o9 (x1,x,) € DY, (2.1.6”)
z7(x1,x3) =0, o) (x1,x;) € [T UL Uz, (2.1.7")
zt(x, %) =0, o9 (x1,%x,) € FULT U, (2.1.77)
2 () = z(l) =y~z~(I') +y*z* (). (2.1.8)

(2.1.8) Hmemd0osb 99230005 35133650, HMI
max|z(ly)| < y~max|z=(I'7)| + y max|z* ()|
09 3953000350bFoBGRIM 306@BL, MM ¥~ + ¥t < 1, Bogowgdo:
max|z(lp)| < max|z=(I'7)| o6 max|z(ly)| < max|z*(I')|.

9l 60dbsglb GMI z FMbJzos 96 50fg3L BoduodmaAl [H-Bg, Boa®ed II 3oHMdOL dobggzom
50F93L 35gbod«mdl D™-b s D*-0b LsBE3®M9dDBY. 85806 (2.1.7) 306™dOL d5MZoeolFobgdom
9030090m, MM z = 0. 5§9sb 498mIobstrg Fgaz0dw0s 3533650, G@A (2.1.1)-(2.1.5)
59m3560L 5dMbobligho gHmsgMmos.

5000 19MM935 I3HI0EIOML0.
29630boMmm 0@ gMH30Mwo 3MmiqLlo (2.1.1)-(2.1.5) s3miEsbolmgol (ob. [7], [10]).

Alu (xg, %] = £~ (xy, %), 099 (x1,%) € D7, (2.1.9)
Alut (g, %1% = f* (1, x2), 0 (x1,%x2) € D7, (2.1.97)
LoLOBEOZOM 306)M0JO0:
[u=(x1, 219 = @~ (x4, x5), &g (x1,x3) € I UL Ul (2.1.10)
[ut (y, x)]1® = @ (x1,%5),  Geago (x1,%,) € [TULT UL, (2.1.10”)

Q@5 O™ GO0 b3MBEOJBHM 30OHMdOM:
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¥ ()] ® = U@ =y - TN £yt HOIED 4 o), (@110)
Losg k =1,2,3 ... bsfigobol 0@ gemoEosbg d9330deos s300mo 3603d3b9amdgdo:
[w™ (M@ = 0 s [u* (I © = 0.

dmEgdmmo  Lsfiyolbo  osbanmgdoo  (2.1.9)-(2.1.11)  0o@gesEorwo  3MmiEglol
3M5M3dMM0  b3MbBOJBHM  30MOMd0EID  TFg30deos  Qedmzmzsmm U §bdiool
9600369cmd900 IH-Bg. sdom 30 dglodmgdermds 3390935 (2.1.1)-(2.1.5) s9mEsbols sdmblbs
©53093956M0 MO0 3005103900 LoboBOZMM 5FM3560L 5dMbLBsTY. B0 5FMbLBOL Fgdyma
90090mwo  3609369wmdgdo 30 9330005 499m3094gbmm  dmII3bm 0@ gMsEoolm30L
LoHgol Joosbermgdso.

Lobod bgdmo dmyzsboro 0@ IMIEOoMo  3OHMEILOL  3M9dsEMIOL  FEI0(3905DY
2905395, 35630bormm d35ME0L ¢rgds [13].

ALX 9 MOOL olsdsMEH 03935 29630b0w Mo Q9bEHMEgds:

9%u | 9%u _
o oz AU =0, (2.1.12)

©539993500  q(x,y) = 0, 565w950HYx300005 5 MFY39GH0s.
(12) 296 ™agds 8933000005 2500530900 sbig:
Au = q(x,y)u,

(0930300 93000  q(x,y)u). 53 256GHMEgdol BydoldogMo  s3mbsblbo  dgodergds
§om0mz500906mm ™Mo BbJ00L x5Ol Lsbom u =v+w, Lssz 30390, 699
v 530594MB0wqdL  @od3slol  2obGHmmgdsl Av =0 ©s 96MHob LdBzsMby 00gdL 00539
9600369mdgdL, MoLsE U, bmwm gmeg - w 5GOL 3obMbols obEMEgdol sdmbsblbo Aw =
q(x, y)u 5 560bL LEBEZODBY Byeols FHMEOs.

3ob30bomm 899090 9gds, HMIgaerog 939,360l 935G EL [13].

30493500 D 0gmb 899mbobzmmo sy I' fomoom. s300mm I'-bg m6o {ob@Gowo P ©s Q
s Bogmzsmmm O™ 5MBYdIMdL bgdo oMy 53 fad@Gowbg. Bsgbsbmm D ségdo P-by
@5 Q-b 999590009090 C fomo. C {o@mol d0dsOmm 3539009000 533905, MM Aol 205860
dbgd900 P s Q §90G0gddo, Mmdgaros o6 gdmbggzs I' ool dbgdl 0dsgg HobGHowgddo.
396005 590y, B396 3mzwom, HMI PQ —m0 Lsfigolo 569 0gmgs MmO sboen sG9. I' LoBEZOOL
Hotob Fglsdsdolo Bsfoegdo 5036036mm A s B-mo (ob. bobsbo 5).

Q

P

bsbsbo (5)
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30094350, U 0yl 356MHIMbomwo BMbd30s, MMIGElLsg A-Bg 5J3l Mol GHmero
b03Oo  3609369wmdgd0, bmem B-%Bg brgOywo 960836900mdgd0  sdlmem@&o
3600369 md00 56 509d5@gds 5039 M HobaL.

35306 9¢%30309d5, ®™M3 sOLYdMBIL  obgmo  sgdomo  Mogbzo 6 <1, M™IgEwos
59300090905 dbMEMmE D 56H0bs s C FoMob 2qmdgEMmowme m30L9093bg, s 56 sGOL
533000900 U gbdiool dgmBg3sbg s m Gosbzby, MM C Hombg LsdsM0sbos
0990090 99535L90s:

lu| < 6m.
©59()30390s:

930l aLYIEHI0EIOs© F9330d0s d9dmz003sMwrmm m = 1 §90mbg9300, Mo
Lbgs 89dmbggzsdo u-b boggwrs B396 dga30deros 4obzobogrmm % 53mbdgos.
390m300m0 B6J30s U, 356:3mbomwo ©s 893mbsbrgmmmo D-3o, GmIgos A

LOBE35ODY 0GB 6ol BHmer 360d369wMdGOL, beagm B Lsbegse®g 3603369wmdgdo 1-
ol Gmoo.

D 560bL I' 300609 LOHYYEEIOS F9IIAO MEHMEMBYS:
-Usu<+U
dogduodmdol 300630306 dserom Bz96 T9az30dwos ©IZ59BH30EM™M, OMI 03039 MEGHMEOMDS

LEOHYEEI0S D 560l Fogbomsg. bbgoa3oMo0  MHM3  3mgzom, Y3gwash D s6gdo
LEOHYEEYOS MEBHMEIMDS:

lul < U.
Y3956 D-8o gmbdi0s U Bogengdos 1-Bg, 3500 dm®mol, € HoMob yggws dows fgd@owby.

990l LG I0(3JOWSE B> 35B396Mmm, MM P s Q §9MEH0gdmsb dosbemgdolsls
C §omob aoLH36M03, U doobitegol 1-bg 653wgd0 Bpz®yemo 9609369wmdolszgb.

39630bomm 3mwsGrmwo 3mmMHEobsGgdo r s @, 3memloo P s 30305OMm
3sOwo FoMdmbobgomo ©gdo I'-ll dbgdol aoLfzmoz A oMol Tbsbgb. s300Mm” @
3moobols ol dbscy, OHmIgwoi I'-b aoLH3mog P {odHGHowmsb dosbanmgdobsl A oMol
dbm»0s6 doobfiMexzgol 6wolzgh. dmesimo 3Mmbol JodsMmmIegds olg Mbos oyml
5MBgM@0, H©mA P (g6 GH0wmsb d05bemgdolisl I'-b aob§3cm03, B ool 3b6Hosb dmes®vyeo
399mby BooliMonmgl + m 3609369 ™md0l396.

@
B096J30s — 06905 OO Yo 3s6dmboro Bbigos D s6gdo @s I'by 9gbgods
HY39® 960936900930, 2o P oM@ oobs, Lasg 9db90s 1-0b Gmero ,bsbEmdo®.

Rbdgos U —% = v 56Hob 350M3mboeo D smgdo. dobo LobsBrgmm 360d360wmdgd0
MHY39305 P H90GH0owol d0sdmdo s dooliimoxol 0-ol39b P-Lmsb dosbermgdobsls. sdgwsb
399000056y, T9gaz0dwos 3md3zom, GMI P (90O GHowmsb 80sbwmgdolsl D 5GH0©sb
B900Ld0gM0 gBom, Js0 IOl C FoMob AsLHzm03, v Joolfmsgol bmawolggb.
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00650 vy P-b 030bermzgdom C oMol golizdog, 9s90b, Moasb C ool dbgdo P
D9OGH0do 5oL 4oblbgsgzgdmo -l IbgdoLash 59539 H9MOGH0wdo, HMIGEOE 3MEsMYIE
©9Mds© 33543 sgdMo, @ 3Mobol I60d3zb9mdId0  Jor)sbErmgds  AoM339Me
59000 B3MMr 3609369wMdL @, MMIgeoi bszegdos m-by.

5990056 25980650y C-b gobfizMog P §gmEowolizgh dosbenmgdolsls, U doobfitregols %
D03M0L396, H®MIgEog 5GOL 0-bs s 1-U FmeMob.

09039 99330005 3004350 Q H9MEGH0WOLMZ0LsE. 500 s OTBHI0EIOL0S.

(2.1.9)-(2.1.11) 0@gms3oo 3OHmEgbol 30905MdOLLM30L LodsMmosbos 999ga0
09m690s.

09meM9ds 4. 09 LOHYEEYOS I o III 30OHMBYdO, 35906 (2.1.9)-(2.1.11) 0@ gcMSE0ME0 3OMEILO
369050005 (2.1.1)-(2.1.5) 59m3Esbol sdmbabligbolisggh »LslMEm© 3egd50 39MIgEOOO
36OHMaM9gLool bLoBJsGroo.

©59()30390s:
d99m300m0 50b0d3zbs:

[Z:L(xbxz)](k) = [ujr(xl» xz)](k) —u¥ (21, %,),

baoog uF (xp, %) 39bdgogdo (2.1.1)-(2.1.5) s8emgsbol s3cmbsblbgdos, bexwe [uT (xy, x,)] "

(2.1.9)-(2.1.11) 5803560l 53mBsbLBBO, sd0b z ¥ (x1,x,) B1B6J309d0Lm30L Fogz0mdo 390wy
59m3960L:

Alz7 (x1,%)]0 =0, oe9(xy,x,) € D7, (2.1.13)
ALzt (x1,%,)]® =0, o9(xy,x,) € D7, (2.1.13”)
[27 (1, x)]% =0, Besgo (x1,%,) € UL UL, (2.1.14)
[z4(x1,x)]1® =0,  Geago (xq,x,) € FULT UL, (2.1.14”)

T 10 o (ke _
[zFUD] = [zUD]® =y~ [z~ (T)]*D + y [z ()] *D, (2.1.15)

bosg k =1,2,3 ... bafigobol 0@ geoosbg 99330305 s300mm d9dgao 3603369wmdgdo:
[z=(M)]P =0 © [z7TH]® =0.
(2.1.15) BmEomd0sb 89230305 ©I3(gMMm Fgg3oligde:
mav 27109 <~ ]l (P14 ma| 2 (14D, 2116
096 (2.1.13) 296¢™gdobsmzol LGMwgds III 3o0MmMdY, d35ME0L wgdol 4sdmygbgdom
do3009d0:

rrllng[z‘(l“‘)](k) <q- max [[z(T)1® (2.1.17)
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rrllgx[zJ“(FJ’)](k) <q*t max |[z(I)]®), (2.1.177)
0

boog g~ = const,qt = const,0 < q~ <1 @30 < gt < 1, 535L096, dmzgdmeo 3mbLEL6Ed0
58030090905 IbME@m© D~ @5 DT 960L g9m9E O 0308909d%).

0 359030996900 (16)-(17) MG MeErmdgdl, 30300900 GMI
max |[z(I)]%| < [q7y™ + g™y T max |[z()]* V],
0 0
56

max [[z(1®| < @ max |[z()1% D],

bosg, @ =q Y +qy".
396513690 MEHMWMB0ID T9YA30dw0s ©o35133bsm:

max |[z()]®)| < @ max |[z(3)1 %] < @2 max| ()] 2] < ... < Q* max | 2]
0 0 T 0

0
09 3930035¢0bFobgdm I SoHmmdsb y~ +y* <1,

0<qgy +qfy"=Q<y +y" =<1
9030090 OMI 0 < Q < 1.
5990056 253MmIE0bsMgMdL, H™I

lim [2(5)]® = 0.

0v) (2.1.1)-(2.1.5) 59mEsbol  59mbsbligho  s®LgdMdL, 85dob dodbodmdol 3Mobiodol [12]
3990myg9bgd00m 30300900 OMI:

max| [ (e, 1)1 — ™Gy, x2)| = 0(Q%),
r%§x|[u+(x1,x2)](k) - u+(x1,x2)| = O(Qk),
@5 539056 259mB0bstry
m§x|[u(x1,x2)](k) — u(xl,x2)| = 0(Q").

5300 09MMH935 I3HI0EIOE00.
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I1.2 ®o3Eb3000 dogoomo (2.1.1)-(2.1.5) sdm3sbobmgols

39630bomm  MHoEbz0mo  FoPOOMO  HMBEMIIXEOO  1o3MbGHsJBH™  JoHMdOM
9oxLWEOHO 3990000330953030903 900560 gobEmegdolsmgol.
3093500 m39990s 5M9: D = {(x1,%2)|0 < x; < 1,0 < x, < 1}, ob. bsbsbo:

Lo
D~ Dt
l 1 1 I
I's I Ty I+ VA

| : | 2
0 1 1 3 1

4 2 4

bsbobo (6)

303m3mm D 50980 96y39¢0 §96d30s (2.1.1) u(xy, x3) G0 53059mBOgdL
90936m 2563 MgdsL:

o*u~  9%u~
Au=(xq,x5) = 7t o= [ (x1,%2), Gmgo (x1,x3) € D7, (2.2.1)
xi x5
62 + 62 + ”
Aut(xq,x,) = ﬁ + a—:% = fT(x1,x3), Gogs (xq,x;) € DY, (2.2.17)
LogS3
£~ (x1,x5) = 2mx; cos(mxy) cos(mwx,) — 2mx,sin(mwx, ) (sin(mwx,) + mwx,cos(mwx,)), (2.2.2)

£+ x5) = 21(x, — 1) cos(may) (cos(mx,) — maysin(mx,)) — 2mxysin(mwxy) sin(rx,),  (2.2.2”)
19969300 u(xq, x3) 9939 939594mFBOEIGOL LELEBOZOM 30OHMBGO:

u (x1,x2) =0, Gogs(xy,x) € [T UL Ul (2.2.3)

ut(x,x,) =0, Gepgo(xq,x,) € FULYUTL,, (2.2.3"

Q5 5™ 6 153MbESJBHM 30MHIMBS:

ut G,xz) =u G,xz) = %u‘ G,xz) + %u‘” G,xz) - %ﬁxzsin(nxz). (2.2.4)

39630boMm 0@gMoE30MWwo 3GMm3EqLO:

?w)H® 92w )® - ,
ax% + ax% = f (xll xz): (22.5 )

62(u+)(k) 62(u+)(k) .
ax? + 0x3 =10 x2), (2.2.57)
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u‘_(xlle) = Ol 6()280 ('xli'xZ) € I-'l_ U [‘2_ U r37 (2'2'6’)

u+(x1, xZ) = 0, (7)(’2()%) (xl, xz) € I—i+ U 1—'2+ U F4 , (226”)

)] = o] = o G| 2 o) s,

oo k = 1, 2, ..., beoewm bofgolo 36093690 mdgdo [uﬂo =0.

J399m0 dmyg3s6000 GHobz0m 2odmmM3wgdo JgiMmergdyeos Python 3Gma@Msdotmgdols
96sdo.

s o

1 7.68E-02

2 1.99E-02

3 5.40E-03

4 1.50E-03

5 4.15E-04

6 1.09E-04

7 2.34E-05

8 1.52E-05

9 1.82E-05

10 1.92E-05

11 1.94E-05

12 1.95E-05
30b0dseryho 03H9Ms300 8: 1.52E-05
3OM30mgds

sb®ogero 12



Approximation at iteration 1,
Exact Solution x=0.01, hy=0.01

0.06

0.04

0.02

0.00

—-0.02

-0.04

-0.06

30359 (1)

Approximation at iteration 8,
Exact Solution hy=0.01, hy=0.01

Q0895 (2)

30O 1-bd s 2-B7g 6583969805 BMLEHO 58MbsbLBOL s MoEbgom dosbarmgdols
B5bsBgd0 30H39e s IJM39 0B JMS3E0SBY.
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Approximation Error at iteration 1,
hy=0.01, hy=0.01

0.07

0.06

0.05

0.04

0.03

0.02

0.01

308595 (3)

Approximation Error at iteration 8,
hx=0.01, hy=0.01

G-

12

10

0.8

0.6

0.4

0.2

3035 (4)

30O 3-bs s 4-Bg 653969305 MOEH30MO F0SHEMYBOL (300MTOEGOS MOMMIYO
09030olm30L. 30039 0GJMH305Hg BMLE 5dMbsbLBLS s MoEbgzom 5dMbsbLBL dmeMols
2396Lbg53930L opabodms dgMygmdl 0.07 ©sb6 0.01-8g, bmerm dgm39 0BHYM30sHy 1.4 X
107° @36 0.2 X 107> — 8.
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Non-local Contact Problem Approximation. h,=0.01, hy=0.01

-1
10 —— Approximation Error
107

4

I}

-]

El

g 1077

2

2

%

3

=
10~
10°% - - -

0 2 4 6 ] 10 12 14

Iteration Number

3052030 (9)

99-9 2M538303%g dmEgdMwos  BLMWMEBHYOO MOl MLILOE™  BmMIs
0%9M5300l dobg3z0m.
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0530 III. 565¢rm35¢0 0 153mbGsgdGHM 59m3sbs oMmobgrgls 3esliogwm®mo
58m3560Long0L Mg by.

II1.1 oMobegls 3asbolzmeo sdmasbs Mgy
39630b0EMm Ws3eslol obEMergds 3ot 300MmMEObsE9dT0 [14]

0%u , 10u . 1 9%u

arz " ror  rzogz 0.
93999000 296GM@gds 2oo3HgMmo d9dgaboo®a:
Upy + %ur + rizugg =0, (3.1.1)
boIE,
X = rcosf,
x -
"""" A y =rsinf,
40 E
PO x24y2=r2
! \\ 9 :

396LsbogzgWw sM9E 5300Mm {6y Moomloom p, 396GHM00 Lomsggdo.
39630boMmm oMol 3sliogEOo sdm3sbs [HMgBY (3.1.1) 9bEHMEgdoLsm3z0L.
Upp +-Up +5Ugg =0, 0<7<p @ -TSO<T. (3.1.2)
LOLOBEOIOM 30OHMIOM:

u(p,8)=f06), —nm<0<m.

u(r,0) = £(0)

Upp + 7 Yy + 17 2gg = 0

b5bsbo (7)
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29630bomm 653Gsgwo v(r, 8) = R(1r)0(6), H®@mdgmog 53859m530¢qdL (3.1.1) 39b¢megdsb.
Vpy + -0y + Vg = R"O +~R'0 + - RO" = 0,
y39@s (1, 0)-bomgol GmEs 1 # 0.

5990056 99330005 o3fgMMmo:

2pl! ! 14
r“R"+TR [¢]
= ——= }L

R [¢]

LoSE A 5M0L 3d030. gb A96EHMEGdS 993035 gbE Mo 99dgR0L:
0" +20 =0

r2R" +rR'— AR = 0. (3.1.3)

306500056 (1, ) s (1, —1) 3mo®ven 3mmOHE0bsEHIdd0 9HO s 03039 PO GHOWd0s, O-b
©I390M® 39OH0MEOY0 BoboBOZO™ 306HMd9dO:

0"+20 =0, O(—n)=060(r), O'(—m)=0'(n). (3.1.4)

65096 56 430605 G RO 0gml 649¢00l Gmero, $s80EH™d A 1bos oymb (3.1.4) gob@Emegdols
b5399M030 36033690Mds, brgwm O 1B 25350803Mm b53NMO03 BY6J305.

(3.1.4) 356@&™M900L byzmMoz0 360I369EMdYd0s 15 = 0 by3PM030 BbJ3000m Oy = 1 s
n=1,2,3,..-0obmgob 1, = n? Ls3nm©030 BMbJ3000 cosnb s sinnd 85956559,

0, = a, cosnb + B, sinnd,
booE Ay O B 8990039005 (0b. [14] mgmEgds 11.1.6).

(3.1.3) 396@¢™gdsdo 89303 sbmom A = 0 360d369wmds, d0g300900m:

r’R" +rR' =0,
5990056
rR"+R' =0,
(rRp)" =0,
Ry ==
@0

Ry=cy+ciInr.
vy c; # 0, 35d0b
lim [Ry()] = oo,

5096 R mbs 0yml d90mbsBzcmwo OHmEs T — 0+, 4o8mol ®md ¢i=0.

3009350 ¢; = 1, 35806 Ry = 1 5 v4(1,0) = Ro(1)0((0) = 1, M5 5305980 gdL (3.1.2)-
L f(B)=1-0om
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sbews 3930960 (3.1.3) gobEBHm@gdsdo A = n?, Gog 3359938 JogMOL d5bEM@9RdL R ,-
obomgob:

2R} + rR), — n®R, = 0. (3.1.6)
539993500 OMI R, = 1°
r2r)" +r@s) —n?rs =0, (3.1.7)
S # 0, (3.1.7) ob 35{o03mgdom s 399ama 1°-BY 254m800 0300900
(s —n)(s +n),
5990056 299m30bsMy (3.1.6) 356EH™EgdOL BMYSEO sdMbsbligbos:
R, =cir™ +cr ™ (3.1.8)
306500096 230609, O™A R;, 0yml d90mbsBztrmwo Mmas r = 0 +, sdoGmd c; = 0

@5 3004350 GMA ¢; = p~ ™, 3590b:
Ry(r) = ;_n
5 3030090m, GMJ:
v (1,0) = R, (r)0,(0) = ;—: (ay cosnb + B, sinnf),

653 93099mz30qdL (3.1.2)-L £(0) = a, cosnb +p, sinnb -om.

MLo3 00394935600 899099 296L5BL3MYOsd©Y, MM (3.1.2) gobEHmegdol LobsBgH™ sdmEsbols
399mbsDO3MHO BMMOTSOHO 5dMmbsbLBO sG0:

v (1,0) = ag + Yin=1 ;—: (ay cosné +f, sinnb), (3.1.9)

Loo3
F(0) = ay + Yg-1(ay cosnd +p, sinnh)

560b f 3bd300L BMGogL 3f3M030 [—m, T]-BY, berewrm

1 T
Q= %Ltf(a)de

Qo
On = %ffnf(g) cosnb d@, :Bn = %f_nn'f(e) sinn de’ n= 1’ 2’ 3’

399%3030963900L (3.1.9) 356@™9gd5d0 99Esbom 80300900 BMMIElL, HMIgeros
35LMbol BMOIME00 5MHOL (36MdOWO:
0) = 1 r2;m p?-r?
Un(T, ) = 21 J‘0 f(l/)) p24+1r2-2prcos (0-1)

dy, r<p.
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II1.2 565¢0™ 35060 s LY3MBEOJEHM 53M 356930l ogoomgdo Homw s69Bg

L53oR0LEHOM 659OMITo gobbowrmwo Mgds@030L o3MEgE9ds LoobEgMHgbme dodsRbos
DOm0 560H9Bg olidMEo 5dMEHYdOLIMZ0L. F93939I0 R39B3s M53Y60Tg ST 36
399330 Logz5M59™ Fgbfagerols dobboo.

3MIMISMMO  S8m3sbs 1. s0mgblbsm  @oMobgl  s8mEsbs  96gdo,  GMBgwos
dmm3Lbgdos MmO 3mb3zgb@M (M9hodb L; ©s L, dmeol, Ry @5 R; ©500bgdom,
39600 300MmOEObsEGMS Lsm53980. 3OV 3MOO065390T0 Q9BEGHMMYds Bs0fgM9gds
3990096506M500:
pu,, + pu, +ugg =0, Ry <p <Ry, 0<06<2m,
u(p, ) 81963430s 93054mB0GOL 5MHWMIoeYM LELEBEOZOHM oMM
u(R,0) =au(R,,0)+ (@), 0<0 <2m.

v

e

59m(3560L OLBS @ SFMBLBIEMBOL 5B JOOMO 30M)MdJd0 Fgdymdo Tglfogolsls
BNV Y0o.

505¢M35M0 b53MbEIJBHM 53mMEsbs 2. 5dm3zblbsm oMbl sdM36s 56930, MGMIgwos
95390 wos MmO 3mbEgb@mmw (Mghodb Ly ©s L, dmcol, Ry s R, ©500bgdom,
3960 30MmMHEObsGHMS Lomsggdo. sdsbmsb, 0 < c; < R; ©d Ry < c; < R;. 3msdrmen
30mO0653 9080 gobEmegds BsofgMgds 90gabsoda:

puy, +pu, +ugg =0, 0<p <Ry, 0<6<2m,

p*up, + puy +ugg =0, Ry <p <R, 0<6<2m,
u(p, 8) g1bdos 93059mB0gdL LobdbE3OM 30MMdL R,-bY

u(R,,0) = p,(0), 0<6<2m,
@5 365 35¢9M B3BBG ™M 3061l
u(Ry,0) = a, u(cy,0) + ay u(cy,8) + p,(0), 0<6 < 2m.
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L 4

D9 59MmEBOL 565¢MA0MMO, 5TMEBOL LTS S STMbLBIMBOL T5EHJI0MO 30MHMDYOO
39930 dqHogerolsl sBMLEIOS.
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